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1 | INTRODUCTION

The natural convection magnetohydrodynamic (MHD) flow has been studied by many re-
searchers theoretically and experimentally, and it has applications in scientific, engineering,
and medical fields. It plays a pivotal role in the field of microelectronics, solar technology, glass
fibers, hot rolling, paper production, and plasma studies." * Naga et al.* studied magneto
Carreau nanofluid numerically under slip condition and obtained suppressed velocity profiles
through augmented values of the Hartmann number. Abbas et al.” analyzed the MHD flow on a
stretching sheet using Carreau fluid. They deployed a Runge-Kutta fourth-order method for
solving the problem numerically.

Among the seven slip mechanisms introduced by Buongiorno, Brownian motion and
thermophoresis effects are of great importance. Goudarzi et al.’ investigated the impact of
thermophoresis and Brownian motion due to the natural convection on hybrid Ag-MgO water
nanofluid. They found out that the Nusselt number increases due to thermophoresis diffusion.
Sardar et al.” investigated the Carreau nanofluid in the presence of thermophoresis and
Brownian motion over a wedge. They observed a reduction in the Nusselt number due to an
enhancement in the Brownian motion parameter. Hayat et al.” studied the effects of thermo-
phoresis and the Brownian motion of Carreau nanofluid under Newtonian conditions using
homotopy analysis method (HAM). Igbal et al.” investigated the thin-film Carreau nanofluid
flow on a stretching surface and observed an increased profile due to the thermophoresis
parameter.

The stretched surface has intrigued many researchers due to its diverse applications in
industrial and engineering fields, like, production of plastic and rubber plates, cooling of
metallic plate in a bath, metal extrusion, and so forth. Khan et al."’ studied the heat
transfer over a bilateral stretched nonlinear surface numerically with the aid of optimal
homotopy asymptotic method (OHAM) and Runge-Kutta coupled with shooting method.
Hussain et al.'' analyzed the effect of heat generation of carbon nanotubes (CNTs) na-
nofluids over a nonlinear bilateral stretched surface. A reduced thermal layer due to the
rate of stretching was noted. Nandeppanavar and Siddalingappa'’ analyzed the con-
sequence of thermal radiation and viscous dissipation on heat transfer over a nonlinear
stretching sheet through a porous medium, and they inferred a positive and negative
effect on temperature due to the Eckert number and thermal radiation parameter, re-
spectively. Tlili et al."” investigated the three-dimensional flow over a stretched surface
using the Williamson fluid, and they established that the velocity along the Y-direction
enhanced due to stretching. Hayat et al.'* investigated the Carreau nanofluid flow in-
duced by a bilateral stretched surface. They tackled the nonlinear differential equations
using NDsolve. Shakunthala and Nandeppanavar'® studied the boundary layer flow and
Cattaneo-Christov heat flux of a nonlinear stretching sheet with suspended CNTs.

Patel and Singh'® studied the micropolar fluid over a stretched sheet with convective
boundary conditions in the presence of Brownian motion and thermophoresis effects. An
improvement in heat transfer due to increased Biot numbers was observed. Tlili et al.'” carried
out numerical investigations on the MHD flow, heat and mass transfer, and rate of entropy
generation over a wedge. Nayak et al.'” studied the combined effects of slip and convective
boundary condition on the MHD three-dimensional stretched flow of a nanofluid through
porous media under nonlinear thermal radiation. Ray et al."” studied the nonsimilar solution of
the Eyring-Powell fluid flow and heat transfer with the convective boundary condition
using HAM.
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Mass flux corresponds to the rate of mass flow per unit area perpendicular to the
direction of flow. Zero mass flux’"?' is the condition when the normal flux of
nanoparticles is zero at the boundary. Ramzan et al.”’ examined the flow of
couple stress nanofluid past an exponential stretched surface and observed that for
growing values of Brownian motion and thermophoresis parameters, the concentration
profile exhibits decreasing and increasing behavior, respectively. Uddin et al.”’
investigated the impact of buoyancy forces on the stagnation point flow of magneto-
nanoparticles under zero mass flux condition. Characteristics of a thermally stratified
flow of a Sutterby nanofluid along with zero mass flux condition were analyzed by
Saif-ur-Rehman et al.*

Hayat et al.”” numerically studied the flow of the Carreau-Yasuda nanofluid in the
presence of mixed convection and Hall current, and they observed an inverse effect for
concentration profiles under thermophoresis and Brownian motion parameters. Khan
et al.”® investigated the unsteady slip flow of a Carreau nanofluid over a wedge.
Nandeppanavar et al.”’ scrutinized the Carreau nanofluid flow over an exponentially
stretching sheet in a saturated porous medium using the fourth-order Runge-Kutta
shooting method. Khan et al.”® numerically analyzed the Carreau fluid flow for gen-
eralized Fourier's and Fick's laws. They observed that the horizontal velocity enhances
with an increase in wall thickness parameter, power-law index, Weissenberg number,
thermal Grashof parameter, and bioconvection Rayleigh number.

The flow of Newtonian and non-Newtonian fluids over a bilateral nonlinear stretching
sheet has been studied'® "% in the literature. However, the MHD Carreau nanofluid
flow over a bilateral stretching nonlinear surface with zero mass flux condition has not
been a subject of study till date. This study makes an effort to fill this gap. In this paper,
magnetic and heat source effects are accounted to analyze the effects of velocity and heat
transport of Carreau nanofluid over a nonlinear stretching sheet. To increase the novelty
of the present work, effects of various parameters on skin friction coefficients and heat
transfer rate are scrutinized using statistical techniques,” *' like, slope of linear regres-
sion, correlation coefficient, probable error, and regression.

2 | MATHEMATICAL FORMULATION

Here, a three-dimensional, steady MHD Carreau nanofluid flow due to a bilateral
stretching sheet with velocities uw =a(x+ y)",vw =b(x+ y)",a,b,m >0 along
the X- and Y-directions, respectively, is considered. Velocity, temperature, and con-
centration equations are investigated with convective and zero mass flux condition at the
surface. A nonuniform magnetic field B = By(x + y)"7 is applied along the Z-direction
(see Figure 1). In addition, a nonuniform heat generation\absorption Q = Qqy(x + y)"™~! is
implemented. The boundary layer equations'’'*** are given by the following:

Uy + vy, + w, =0, (D)

Uity + vy, + Wi, = vfuzz[ﬁ* + (1 - pB9H{1 + Fz(uz)z}"T‘l] + v (n -1

B Py ({1 + T2 — % @)
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FIGURE 1 Geometry of the problem [Color figure can be viewed at wileyonlinelibrary.com]

uvy + vy, + wy, = vazz[ﬁ* + (1 - B9H{1 + Fz(vz)z}"T_l] +vr(n - 1)1

oB%

— BT (n)*{1 + T2 ()2 — 5 (3)
T. — Q & 2 4
UT, + VT, + WT, = a; Ty, + ——(T — To) + 7| Dy ,C, + —L (B2, @)
(Ioc)f Too
Dr
uCy + vC, + wC; = DgCy + T—Tzz. (5)

oo

The respective boundary conditions are given as follows:

u=uy=alx+y" v=vy=bx+y", w=0,
Dr at z =0, (6)
—k¢T; = he(Tw = T), DpCr+ T, =0,
u—-0, v->0, T—> T, C— Cyaszg— oo. (7)

The following similarity variables are implemented in converting the above system of
partial differential equations into a system of ordinary differential equations:
u=alx+y)"f' (),
v=alx+y)"g'©), 8)
w = =@ G+ )" [T + 2O) + TSR + @)

_T-T, _C-Co ,_[@ nt
0Q) = g $O =g = [ty ©)

The transformed boundary layer equations are given as follows:

B+ (= B+ WA+ nWe ()| - MfT = m(Y - mf'g’

+ Lenr+g) =0, (10)
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g[8+ (1= B + W@ )P (1 + nWe@"))| - Mg’ — m(@)? - mf'g’

* m; Le(f+9) =0, an
o' + Pr[S@ + Nbg'6’ + Nt(0')? + (mTH)(f + g)e'] =0, (12)
Nt m+1
"4+ —0" + Sc¢’ +g)=0. 13
g+ e+ st (Mg + o) (13

The corresponding boundary conditions are given by the following:

f'(0) = 0,

f(0)=0,g(0) =0,
6'(0) = —y(1 - 6(0)), ¢'(0) + 1;6'(0) =0,

'(0)=1,8'(0) = 6,
f(0)=1,g'(0) 1)

g'(c0) >0, 6(c0) >0, ¢(0) =0, (15)

where the nondimensional parameters are taken as follows:

243 3m—1 B2 b
We = 2a3(x +y) , M=7 , Pr:ﬁ, SC:£,5:*,
y pra arg Dg a (16)

Nt =

D (Ty — Te)

__ pCy _ (po)p _  Q
o Nb=77 =000 S o

Skin friction coefficients, local Nusselt number, and local Sherwood number measure the
surface drag, heat transfer rate, and mass transfer rate, respectively. They are defined**** as follows:

Local Nusselt number

Reduced form of Nusselt
number

Local Sherwood number (Sh)

Reduced form of Sh

Skin friction coefficients

Reduced form of skin friction

e+ y)gy _ aT
Nu = (T = To)° where q,, = kf(az )z:O
_1
Rey 2Nu = —6'(0),
where Re, = %:y) is the local Reynolds number along the x-direction
_ Gtymy — _p.f€
Sh = ) where my, = DB(az )z:O

Re;2Sh = —¢/(0)

— =
Ch = pruz’
2 n—1
where 7, = ,uf(g_Z)[ﬁ* +Q - ﬁ*)(l + Fz(g_:) ) 2 ]
_
ny = peve’

G R SR N

ReCf, = f”(O)[ﬁ* + Q=)+ Wez(f”(o))Z)"T’l],

RejCf, = 8% O)[ B+ + (1 = p)(1 + W g (0))'7' ]

vw(x+y)
vE

where Re, = is the local Reynolds number along the y-direction
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3 | NUMERICAL SOLUTION

Equations (10)—(13) with boundary conditions (14) and (15) are solved numerically using bvp5c
solver, a MATLAB built-in function. To accomplish this, we consider

f=y 1=y ["=¥ &=n &=
g =Y 0=y =¥ ¢=yo ¢ =
Accordingly, Equations (10)-(15) take the form
my? + mys = (" (0 + 0) + My,

B+ (1 - )(1 + We2y? ) (1 + nWezyf)

Y1i=Y» Yo=Yy, Y3=

s

my; + my,ys — 6(y + y4) + My;

B + (1 _ B )(1 + We yG)n23(l + nWe y6)

Ya=Ys V5=V Y=

! ! 1 !
Y71=Ys Vs = —Pr[Sy7 + Nbygy,, + Nt(yg)z + ( )Oﬁ + .V4)yg:|, Y9 = Vio»

2
, Nt m+1 m+1
Yio = {%PV[S% + Nbygy,, + Nt(Ys)Z + (T)Oﬁ + y4)Y3] - SCym(T)()ﬁ + y4)}’

yl(O) = 09 yz(o) = 1s y2(00) = O’ y4(0) = 09 yS(O) = 55 y5(°°) = 0,
,(00) =0, ¥(0) = —y(1 = 1,(0)), (o) = 0, ,0(0) + %yg(m - 0.

Accuracy of the code and the validation of the current problem has been accounted through
a restrictive comparison of the present work with previous published'’ results and is found to
be in good agreement (described in Table 1).

4 | RESULT AND DISCUSSION

The impact of viscosity ratio parameter (8*), Weisssenberg number (We), Hartmann number
(M), heat generation/absorption parameter (S), power-law index (n), Biot number (y),
stretching ratio parameter (§), Brownian motion parameter (Nb), and thermophoresis

TABLE 1 Comparison of f'/(0) and g’/(0) when 8+=1 and M =0

m 5 F''(0) (present paper) F )" g'' (0) (present paper) g’ (0)*°

1 0 —1.000172394 -1 0 0

1 0.5 —1.22478775 —1.224745 —0.612393875 —0.612372
1 1 —1.414226121 —1.414214 —1.414226121 —1.414214
3 0 —1.624368157 —1.624356 0 0

3 0.5 —1.989423631 —1.989422 —0.994711816 —0.994711

3 1 —2.297186414 —2.297186 —2.297186414 —2.297186
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parameter (Nt) on the X-direction velocity (f'(¢)), Y-direction velocity (g'({)), temperature
(6(¢)), and concentration (¢(¢)) profiles is carefully analyzed through Figures 2-10. The
Prandtl number (Pr) and Schmidt numbers (Sc) are fixed at 5 and 2, respectively.

Figure 2A and 2B depicts the variation of f'({) and g’({) due to the increments in B+. The
analysis has been carried out for shear-thinning (n < 1) and shear-thickening (n > 1) cases. Both
f'(¢) and g’(¢) exhibit an increase (shear-thinning case) with an increase in 3+, whereas the results
are reversed for the shear-thickening case. The effect of We on f’({) and g’({) is elucidated in
Figure 3A and 3B. A contrasting behavior is observed on the velocity profiles for different values of
n. An increase in We improves the elastic forces, which hence causes a reduction in the velocity
profiles in a shear-thinning fluid. Figure 4A and 4B illustrates the impact of variation of M on f’(¢)
and g’({). An increment in M generates the Lorentz force, which retards f’(¢) and g’(¢) profiles.
Figure 5 exhibits the influence of § on g’({). With an increase in &, g’(¢) also increases, as the
vertical downward flow is accelerated due to the bidirectional stretching of the sheet.

(A)
1 T T T T T T
m=1,46 =08 v =04, M=0.5 We=3,
Nt=1,Nb=0.5S=0.2
08 1
— n=17
-'\0'6- -=-== n=07 ]
W
o
e
04t 5 =003 06009 ]
0.2t :
0 . . . . ,
0 0.5 1 15 , 2 25 3 35
(B)
0.8 . . , , , :
m=1,4 =08, v=04, 7 =01, M=0.5 We =3,
0.7 F n=07,Nt=1Nb=0.55=02 1

0 0.5 1 15 , 2 2.5 3 3.5

FIGURE 2 (A) Variation of f'({) for various values of 8+ and (B) variation of g’(¢) for various values of
B+ [Color figure can be viewed at wileyonlinelibrary.com]
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(A)
1

m=1,5=0.8 y=04, 5 =0.1,M=0.5 Nt =1,
Nb =055 =0.2

081

—_— n=17

- === n=0.7

(<)

0471 We=24,68

021

0 0.5 1 1.5 2 ¢ 25 3 3.5 4

m=1,5=0.8, yv=04, ﬂ' =0.1,M=0.5Nt=1,
Nb=0.55=0.2

n=17
- === n=07

04

We=24,68

0 0.5 1 1.5 ¢ 2 2.5 3 3.5

FIGURE 3 (A) Variation of f’(¢) for various values of We and (B) variation of g’ (¢) for various values of We
[Color figure can be viewed at wileyonlinelibrary.com]

With a rise in the magnitude of y, the temperature profile is enhanced, as shown in
Figure 6. Physically, this can be attributed to the fact that an increase in the Biot number
enhances the heat transfer coefficient, which, in turn, increases 6. Figure 7 displays the effect of
Son6(¢).0(¢) is observed to increase as S is increased. Figure 8 reveals the change in () with
an increase in Nt. Nt is found to have a positive effect. The mounting of Nt promotes an
increment in the thermophoresis force, which enforces the movement of nanoparticles from a
hot region to a cold region, and hence 6({) is increased. Figure 9 describes the variation of ¢ ()
with Nb. Nb shows a negative influence with ¢ (). Physically, an increase in Nb improves the
random motion of nanoparticles, which, in turn, lowers the concentration of nanofluid.
Figure 10 shows that ¢({) increases when Nt is increased.

The effect of various parameters on the local Nusselt number for n = 0.7 and 1.7 is studied
using Table 2. The increment/decrement rate denotes the percentage change of the current
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(A)
m=1,5=08 y=04, 7 =01, We=3, Nt =1,
v Nb=0.58=0.2
.
08"
¥
]
| 3
-

0.6 ™ n=1.7
E ‘:\ - == n=07
o o

04 W

e M=04,08 1216
W
\\\‘\
021 \\‘\\\ .
\\\\\‘:\\ N
-:_~ =,
0 . "
0 0.5 1 1.5 2 ¢ 2.5 3 3.5 4
(B)
0.8 T T : . .
m=1,5=0.8 v=04, 4 =0.1,We=3,Nt=1,
0.7 1 Nb=0.55=0.2

g(¢)

0 0.5 1 15 o 2 2.5 3 3.5

FIGURE 4 (A) Variation of f'(¢) for various values of Mand (B) variation of g’(¢) for various values of M
[Color figure can be viewed at wileyonlinelibrary.com]

value with respect to the previous value of the local Nusselt number. A positive sign represents
an increment, whereas a negative sign represents a decrement in the heat transfer rate. From

Table 2, it is deduced that Reyx > Nu (both cases) increases with 6§ and decreases for
Nt, S, and M. It is further noted that Rey %Nu (n = 0.7) increases with 8+ and decreases with

We, whereas the results are reversed for Rey > Nu (n = 1.7). The slope of linear regression is used
to study the trend of variation in the skin friction coefficient. A negative slope with respect to a
parameter indicates that the parameter has a negative effect on skin friction, implying that an
increase in that parameter will diminish the surface drag. The magnitude of slope represents
the rate of change of the skin friction coefficient per unit value of the corresponding parameter.

The impact of various parameters on skin friction coefficients for m =1 and 3 at
n = 0.7 and 1.7 is illustrated in Tables 3 and 4.
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1
v=04, 4 =01,M=05We=3,n=07,
Nt=1,Nb=0.55=0.2.
081 1
0.6 1
- m=3
[
= KW mEEe m=1

4=0.25,0.50.75 1

0 0.5 1 1.5 ¢ 2 2.5 3 3.5
FIGURE 5 Variation of g’({) for various values of § [Color figure can be viewed at wileyonlinelibrary.com]

From Tables 3 and 4 itis 1nferred that We has a positive and negative impact on both skin
friction coefficients {Rex Cf, and Rey cf, } (m =1 and 3) when n = 0.7 and 1.7, respectively,
and f* has a reverse impact on skin frlctlon coefficients when compared with We. It is observed
that M has a reducing effect on the surface drag. It is also observed that the skin fI'lCthIl
coefficient decreases with increasing J (for Rex Cf.) and increases with increasing & (for Rey Cf ).
The respective rate of change (slope) for each parameter is shown in Tables 3 and 4.

5 | STATISTICAL ANALYSIS

Statistical techniques, like, correlation and regression, are widely used by researchers to
identify the nature of impact of independent variables (various parameters) on the dependent
variable (physical quantities, like, Nusselt number, drag coefficient, or Sherwood number). The

0.4 T T T
m=1,6=0.84 =01,M=0.5 We=3 Nt=1,
0.35% Nb=0.5,S=0.2. i

0.3

0.25

<)

0.2

0.15

0.1

0.05

FIGURE 6 Variation of 6({) for various values of y [Color figure can be viewed at wileyonlinelibrary.com]
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0.25 . ; ; ; : ; ; ;
m=1,6=08 v=04, 5 =0.1,M=0.5,
We =3, Nt=1,Nb=0.5.

0.2 W
0.15

.,

»

Ny

0.05

FIGURE 7 Variation of 8(¢) for various values of S [Color figure can be viewed at wileyonlinelibrary.com]

regression analysis helps in quantifying the variation of dependent variable due to the change
in independent variables. It eliminates the need for solving the problem repeatedly, thereby
simplifying the calculation process. An approximate value of dependent variable can be
faultlessly predicted for the chosen range of independent variables.

5.1 | Correlation and probable error

Correlation is a statistical technique which helps in determining the degree of relation-
ship between two variables. The sign of correlation coefficient (r) determines the nature of
relationship, whereas the magnitude of r indicates the magnitude of the relationship.

0.25 T T T T T T r T

m=1,6=0.8, v=04, 7 =0.1, M= 0.5,
We=3,Nb=0.5S=0.2

0.05

FIGURE 8 Variation of 6(¢) for various values of Nt [Color figure can be viewed at wileyonlinelibrary.com]
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0.3

-0.4 m=1,5=0.8 y=04, 7 =0.1, M=0.5,

We=3,Nt=1,5=0.2

0.5 i i i i i ’
0o 05 1 15 ; 2 25 3 35

FIGURE 9 Variation of ¢ () for various values of Nb [Color figure can be viewed at wileyonlinelibrary.com]

A positive value of the correlation coefficient implies that an increase in independent
variable will fuel an increase in the dependent variable, and a negative value of the
correlation coefficient indicates that an increase in independent variable will reduce the
dependent variable. The reliability of the calculated correlation coefficient values is

guaranteed using probable error (PE). Correlation is said to be significant®™ if
1-r?

> 6, where PE :( NG

From Table 5, it is inferred that Rey > Nu (both cases) is positively correlated with § and
negatively correlated with S, M, and th. It is observed that We exhibits a negative and S+
exhibits a positive correlation for Rey 7Nu1(n = 0.7). It is also noted that the nature of corre-
lation for We and f+ is rev?rsed when Rex ?Nu(n = 1.7). Using ‘#‘ values, it can be concluded
that all parameters of Rey > Nu (both cases) are significant.

é )0.6745 and ¢ is the number of observations.

0.3

02+ - Nt= 05, 1, 15, 2 1

m=1,6=08 v=04, 5 =0.1, M=0.5 We =3,
Nb=05,5=0.2.

0.4 . . . . . .
0 0.5 1 1.5 2 2.5 3 3.5

FIGURE 10 Variation of ¢(¢) for various values of Nt [Color figure can be viewed at
wileyonlinelibrary.com]
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TABLE 2 Variation in the local Nusselt number at { = 0 when
m=1,Nt=1,S=02,M=0.5We=3,d=08,8=0.1,Nb =0.5,and y = 04

Re;% Nu Increment/decrement rate
Nt S M ) We f+ n=0.7 n=17 n=0.7 (%) n=17 (%)
0.5 0.3220801 0.3299969
0.875 0.3199708 0.3286018 —0.655 —0.423
1.25 0.3175703 0.3270705 —0.750 —0.466
1.625 0.3147927 0.325376 —0.875 —0.518
2 0.3115088 0.3234827 —1.043 —0.582
0.08 0.3262050 0.3327401
0.14 0.3229700  0.3305449 —0.992 —0.660
0.2 0.3192066 0.3281077 —1.165 —0.737
0.26 0.3147406  0.3253792 —1.399 —0.832
0.32 0.3092984  0.3222934  —1.729 —0.948
0.4 0.3198040  0.3282712
0.7 0.3180105 0.3277891 —0.561 —0.147
1 0.3162062 0.3273291 —0.567 —0.140
1.3 0.3143798 0.3268877 —0.578 —0.135
1.6 0.3125207 0.3264619 —0.591 —0.130
0.25 0.2972953 0.3094536
0.4375 0.3071497 0.3172612 3.315 2.523
0.625 0.3141479 0.3234272 2.278 1.944
0.8125 0.3195285 0.3284102 1.713 1.541
1 0.3238713 0.3325305 1.359 1.255
2 0.3204980 0.3271069
3.5 0.3186733 0.3284715 —0.569 0.417
5 0.3173661 0.3292629 —0.410 0.241
6.5 0.3163448 0.3297959 —0.322 0.162
8 0.3155017 0.3301881 —0.266 0.119

0.1 0.3192066 0.3281077

0.3 0.3205573 0.3276043 0.423 —0.153
0.5 0.3216038 0.3269473 0.326 —0.201
0.7 0.3224475 0.3260304 0.262 —0.280

0.9 0.3231473 0.3245935 0.217 —0.441
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TABLE 3 Variation in skin friction coefficients at { = 0 when
m=1,Nt=1,S=02,M=0.5We=3,d=08,8=0.1,Nb =0.5,and y = 04

Slope

Slope

Slope

Slope

0.2
0.4
0.6
0.8

0.4
0.8
1.2
1.6

—ReiCf, —Re;Cf,

) n=0.7 n=17 n=0.7 n=17
1.33511 1.86889 1.52449 2.02782
1.22088 2.15347 1.39943 2.32086
1.15550 2.36256 1.32533 2.54024
1.11123 2.52993 1.27460 2.71707
—0.03685 0.10961 —0.04119 0.11436
1.30295 1.98544 1.48571 2.14815
1.36500 1.90031 1.54612 2.06399
1.42028 1.80114 1.60037 1.96670
1.47045 1.67999 1.64987 1.84939
0.27889 —0.50776 0.27337 —0.49678
1.24376 1.97236 1.42361 2.13213
1.33935 2.17465 1.53495 2.34492
1.42665 2.36590 1.63649 2.54627
1.50737 2.54804 1.73028 2.73812
0.21953 0.47958 0.25539 0.50483
0.25 1.12977 1.70474 2.51655 2.89424
0.5 1.19716 1.84841 1.81195 2.36941
0.75 1.25722 1.99478 1.49662 2.20445
1 1.31215 2.14103 1.31215 2.14103
0.24288 0.58209 —1.57142 —0.96983

Note: The bold values denote the slope of linear regression.

5.2

Multiple linear regression

The regression analysis is a statistical modeling technique used to establish a relationship be-
tween a dependent (Nusselt number) and one or more independent (various parameters con-
sidered) variables. The local Nusselt number for n = 0.7 and 1.7 is estimated using multiple
linear regression models (as all correlations are significant). The estimated models are as follows:

Nu

Nu

n=0.7
est

n=1.7
est

rsS + ruM + 156 + rweWe + rg-* + ryNt + c,

rsS + ryM + 156 + rweWe + rg 3+ + ry Nt + c,

where s 15 Tos Twes Tges Tt and c are the estimated regression coefficients.
Rex?Nu is estimated from 30 sets of values chosen in the range [0.08,0.32] for S, [0.4,1.6]
for M, [0.25,1] for &, [2,8] for We, [0.1,0.9] for B+, and [0.5,2] for Nt, and the regression
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TABLE 4 Variation in skin friction coefficients at { = 0 when
m=3,Nt=1,S=02,M=0.5We=3,6d=08,6=0.1,Nb =0.5,and y = 04

—Reé Cf, —Reé cf,

We B+ M ) n=0.7 n=17 n=0.7 n=1.7
2 1.91894 3.05400 2.19540 3.30479
4 1.74778 3.56384 2.00299 3.83948
6 1.65419 3.92644 1.89571 4.22410
8 1.59169 4.21322 1.82361 4.52954
Slope —0.05377 0.19201 —0.06113 0.20294
0.2 1.88497 3.25976 2.14958 3.52184
0.4 2.00493 3.09201 2.27040 3.35199
0.6 2.11052 2.89401 2.37747 3.15268
0.8 2.20561 2.64641 2.47432 2.90610
Slope 0.53376 —1.01903 0.54065 —1.02327
0.4 1.80207 3.29733 2.06412 3.55888
0.8 1.86302 3.44808 2.13524 3.71650
1.2 1.92130 3.59477 2.20316 3.87005
1.6 1.97723 3.73779 2.26826 4.01989
Slope 0.14593 0.36702 0.17009 0.38415
0.25 1.58658 2.71252 3.59345 4.50058
0.5 1.69935 2.99380 2.58371 3.81117
0.75 1.79885 3.27865 2.14315 3.61699
1 1.88932 3.56095 1.88932 3.56095
Slope 0.40309 1.13206 —2.22118 —1.20522

Note: The bold values denote the slope of linear regression.

TABLE 5 Correlation coefficient (r), probable error (PE), and Pr—E of the reduced Nusselt number at { = 0
when y = 0.4 and Nb = 0.5
Re;%Nu when n=10.7 Re;%Nu when n=1.7
Parameter r PE = r PE —
S —0.9947 0.0032 311.6281 —-0.9977 0.0014 732.2152
M =1l 0 63550.2092 —0.9997 0.0002 5508.9911
) 0.9866 0.0080 122.7986 0.9920 0.0048 207.3562
We —0.9879 0.0072 136.5306 0.9689 0.0185 52.4026
B+ 0.9915 0.0051 194.3342 —0.9780 0.0131 74.4632

Nt —0.9962 0.0023 430.4705 —0.9982 0.0011 909.9878
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FIGURE 11 Actual and estimated values of Re, 2Nu when n = 0.7 [Color figure can be viewed at
wileyonlinelibrary.com]

coefficients are calculated using MATLAB software. As the p values for all physical
parameters are less than 0.05, the regression coefficients are significant. A positive re-
gression coefficient represents that the corresponding parameter has an increasing effect
on the local Nusselt number, and a negative regression coefficient implies that the local
Nusselt number decreases with respect to the corresponding parameter. The estimated
regression models are expressed as follows:

Nuenstzo'7 = —0.07007S — 0.00566M + 0.035565 — 0.00072We + 0.005835* — 0.00697Nt

+ 0.31579,
0.33
0.325
=
=2
-
' ox
& 0.32}
Actual Nu
0.3151 | _ Estimated Nu
0.31t . . . ' ' X
5 10 15 20 25 30

no of observations

_1
FIGURE 12 Actual and estimated values of Rex 2Nu when n = 1.7 [Color figure can be viewed at
wileyonlinelibrary.com]
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NullT!7" = —0.04343S — 0.00128M + 0.031168 + 0.00051We — 0.003523+ — 0.00428N¢
+ 0.31540.

The accuracy of the estimated regression model is illustrated using Figures 11 and 12. It is
conclusive that dand * have a positive impact and S, M, We, and Nt have a negative impact on
the Nusselt number when n = 0.7. It can also be concluded that § and We have a positive
impact and S, M, 8*, and Nt have a negative impact on the Nusselt number when n = 1.7. This
is in agreement with the results seen in Table 2.

6 | CONCLUDING REMARKS
The major conclusions drawn from the current analysis are as follows:

« The velocity profiles are directly proportional to the viscosity ratio parameter in the shear-
thinning case and inversely proportional in the shear-thickening case.

« The Weissenberg number enhances the velocity profiles in case of shear-thickening fluids
and retards the velocity profiles for shear-thinning fluids.

« An exponential increase is observed in the temperature profile due to an increase in the Biot
number, heat generation/absorption, and thermophoresis parameters.

« The Hartmann number has a destructive effect on surface drag and the velocity profiles.

« An increase in the stretching ratio parameter improves the Y-directional velocity profile.

« The concentration profile is enhanced and depleted with an increase in thermophoresis and
Brownian motion effects, respectively.

« The regression models are found to be in synchronization with the numerical results for the
chosen values of parameters.
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NOMENCLATURE

a,b,m constants

By strength of magnetic field

c fluid concentration (moles/kg)

Cw nanoparticle concentration near the wall (moles/kg)
Co ambient nanoparticle concentration (moles/kg)
Dy Brownian diffusion coefficient (m?*s™")

Dy thermophoretic diffusion coefficient (m*s™")
f'(€), g (&) velocity components

hs convective heat transfer coefficient (WK ™' m™?)
H Hartmann number

k¢ thermal conductivity of fluid (Wm ™ K™)

n power-law index
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Nb Brownian motion parameter

Nt thermophoresis parameter

Nu Nusselt number

Pr Prandtl number

Qo intensity of heat source

Re, local Reynolds number

S heat generation/absorption parameter
Sc Schmidt number

T fluid temperature (K)

Tw temperature of the fluid near the wall (K)
T temperature of the ambient fluid (K)
u,v,w velocity components (m/s)

Uw, Vw stretching velocities (m/s)

We local Weissenberg number

X, 9,2 Cartesian coordinates

GREEK SYMBOLS
thermal diffusivity (m*s™")
viscosity ratio parameter
stretching ratio parameter
Biot number
time material constant (s)
kinematic viscosity (m*s™?)
dimensionless concentration
density (kgm™>)

C)t heat capacity of the fluid
electrical conductivity
effective heat capacity ratio
dimensionless temperature
dimensionless variable

™ R

O Q50 BT IR O

SUBSCRIPTS
f fluid
w condition at the wall
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