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1 Introduction

In recent years, considerable interest has been attracted by the so-called fractional calculus, which allows
one to consider integration and differentiation of any order, not necessarily integer. There is a revived interest
in fractional integrals and fractional derivatives due to their recently found applications in reaction, diffusion
and reaction-diffusion problems, in solving certain partial differential equations, in input-output models and
in related areas. The fractional integration operators involving various special functions, in particular the
Gauss hypergeometric functions, have found significant importance and applications in various subfields of
mathematical analysis. This idea provoked many authors to choose a more special case of such kernels and
to develop a theory of the corresponding generalized fractional calculus that featured many applications.

In 1978, Saigo defined a pair of fractional integral and differential operators involving the Gauss hyper-
geometric function as kernel. Let (U“ -B. "f)( ), (Ua -B. "f)(x) and (@a -B. "f)(x), (@f’ﬂ’"f)(x) be defined for x > 0
and complex a, B, € C by

g4 —ah ¢ o t
2P ) = F(a) J( X—1t) 12F1 a+,8 na 1—;)f(t)dt, R(a) > 0, 1.1)
0
@%PE) () = ri) j( X)L ﬁzFl(a+/3 —ma;l- )f(t)dt, R(a) > 0, (1.2)
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and

(DEPIE) () = (T5® “"“*”f)(x)z( ) @By = [R@] 41, R@) >0, (1.3)

(D)) = (IT PO () = (1) ( ) @ 0 n= [R@)] 41, R(@) >0, (1.4)

respectively. Here, R («) denotes the real part of a, I'(a) is the Euler gamma function (see [1]) and ,F1 (a, b; c; 2)

is the Gauss hypergeometric function defined for complex a, b, ¢, € C, c # 0, -1, -2, ..., by the hypergeo-

metric series (see [1, 2.1(2)])

(@k(b)i 2
©r Kk’

2F1(a, b;c;2) = i (1.5)

k=0
where (z) is the Pochhammer symbol defined for z € C and k € N by

(2)o0=1, @r=2z(z+1)---(z+k-1), keNg, No=Nu{0}, N={1,2,...}.
The series in (1.5) is absolutely convergent for
lz] <1 and |z|=1, z+1, R(c-a-b)>0.

The operatorsin (1.1), (1.2) and (1.3), (1.4), known as the generalized fractional calculus operators, were
introduced by Saigo [10] and their properties were studied by many authors (see [3, Section 7.12]. In partic-
ular, the operators in (1.3) and (1.4) are inverse to the ones in (1.1) and (1.2), that is,

Da B (ja B, r[) 1 Df’ﬁ’" — (jf,ﬁ,r[)—l.

When 8 = —a, the operators in (1.3) and (1.4) coincide with the classical left-sided and right-sided Riemann-—
Liouville fractional differentiation operators of order a € C, R(a) > 0, (see [11, Section 5.1])

X

D50 = (08000 = (1) T | - 0TSO x50, n-R@ 1, (1.0
0
@00 = 0200 = (1) pte [ 0" 0 d x50 n-R@ 1. (1)

If B = 0 and for complex a, € C, R(a) > O and n = [R(a)] + 1, the operators in (1.3) and (1.4) take the form

(DELf)(x) = (D:,,af)(x)z( L) G 0, x>0, 0= [R(@ + 11, (1.8)

a - d\"  _ain,—a,ar
(D00 = (D o)) = (- ) @0, x>0, n= [R(@) + 1. (1.9)

These operators can be called Erdélyi—Kober fractional differentiation operators as inverse to the correspond-
ing Erdélyi—Kober fractional integration operators (see [11, (18.5) and (18.6)]). For suitable functions f, they
can be represented by

+ oy d\" 1 ( a+ n-a-1

Dy o0 =x7( ) r(n-a)ojt - o) de, (1.10)
_ +a d\" h - n-a-1

(D5.0P)00 =x1( L) F(n—a)Jt (e — 0" (e de, (1.11)

forx>0,a,neC,R(a) >0and n = [R(a)] + 1.
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Our paper is devoted to the study of compositions of the generalized fractional differentiation opera-
tors (1.3) and (1.4) with the product of Bessel functions J,(z) of the first kind, which is defined for complex
ze€C,z#0,and v € C, R(v) > -1, by (see [2, 7.2(2)])

( 1)k( )V+2k

= 1.12
Iz) = Z < T(v+k+ Dk’ (1.12)
We prove that such compositions are expressed in terms of the generalized Lauricella function due to Srivas-

tava and Daoust [13], which is defined by

Z1
A:B';..;B™ | | A:B';. B(" [(@):0',...,6™], [(b"):¢'];..;[(B)™:™];
Fepi o | | = Fepipm | (e ], [(d):5'):.. ,[(d)("> sy Zlo e ’Z"]

A . B' /1 B®™ 4 (n)
& Ia@hge oy o ®ugy T O 0gp e 2l
= c (- D D™ (n) PRk :
Kootk =0 Tliza (g i Tliza (@hsy - Tlima () g0 kat - kal

where the coefficients
o, j=1,...,4, ™, j=1,...,B™, 9™ j=1,....¢, &, j=1,...,D™,

are real and positive for all m € {1,...,n} and (a) abbreviates the array of A parameters a,...,as,
(b'™) abbreviates the array of B™ parameters bl(.m), j=1,...,B™M forall m €{1,...,n}, with similar
interpretations for (c) and (d'™), m = 1, ..., n. The multiple series (1.13) converges absolutely when

(i) Aj>0,i=1,...,n,forall complex values of zq, ..., zy, Or

(ii)) Aj=0,i=1,...,n,provided in addition |z;| < g;, i =1,...,n,

and diverges when A; < 0,i=1,..., n, except for the trivial case z; = --- = z, = 0, where
c pv A BW®
o () 0\ g G . _
M1+ Y PP+ Y 60V 00 Y g0, i=1,...,n,

j=1 j=1 j=1 j=1

and
Ql = min {Ei}’ 1= 19 ) ny
Hiseens n 0

where

. , c (vn o, pO\pY D) (s 50
st 5052 g T (X i)™ T17%1(67)°
i TGN o
T (30, w6 1125 (60)%)

E; = (yi)

(For more details, see [13].)

Special cases of (1.13) are established in terms of the generalized hypergeometric function of one and
two variables, respectively. For the sake of completeness, we define these functions here. A generalized hyper-
geometric function , F,(z) is defined for complex a;, bj € C, bj #0,-1,...,i=1,2,...,p,j=1,2,...,4q,
by the generalized hypergeometric series (see [1, 4.1(1)])

 by;z) = Z (@) (ap)i 2

Fy,(ay,...,ap;b1,...
pFa(@r ... api by (b (b K

This series is absolutely convergent for all values of z € C if p < g and it is an entire function of z. We define
a generalization to the Kampé de Fériet function by means of the double hypergeometric series (see [13])

p
p:q;k[(ap):(bq);(ck);x ]_ < Hj:l(ai)HsH (b])rl_[] 1(Ci)s x7 ¥
L:m; H(Bm)s(Yn)s -
m;n [ (a1):(Bm);(Yn) rso H}:](a]'))’hs Hj:](ﬁ])i’ Hj:](Y] rl S'

The above double series is absolutely convergent for all valuesof xand yifp+ g < [+ m+landp+ k< l+n+1.
Also,ifp+gq=1+m+1andp + k=1+n+ 1, we must have any one of the sets of conditions

(1.14)
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(i) p <lfor max{|x|,|y|} < 1, or
(i) p > Ifor |x|V/®-D 4 |y|1/@-D < q,

The paper is organized as follows. In Section 2, two preliminary lemmas are presented. In Section 3,
formulas of compositions of the differential transforms (1.3) and (1.4) with the product of Bessel functions
(1.12) are proved in terms of the generalized Lauricella function (1.13). The corresponding results for com-
positions of Riemann-Liouville and Erdélyi—Kober fractional integrals (1.6), (1.7) and (1.10), (1.11) with the
product of Bessel functions are also presented in Section 3. Special cases of ], (a;t”) for v; = -3 and v; = 1
andpj=1,j=1,...,n, giving compositions of fractional integrals with cosine and sine functions are con-
sidered in Sections 4 and 5, respectively. Finally, statistical interpretations of fractional-order integrals and
derivatives are established in Section 6.

2 Preliminary lemmas

Our main results in Section 3 are based on two preliminary assertions giving composition formulas of the gen-
eralized fractional differential operators (1.3) and (1.4) with a power function. These assertions are based on
the corresponding statements for the generalized fractional integrals (1.1) and (1.2) obtained in [5]. The left-
sided generalized differentiation (1.3) of a power function is given by the following results.

Lemma 2.1 (5, Lemma 3). Let a, B, 1 € C be such that
R(a) >0, R(0)>-min[0, R(a+p+n)].

Then, we have

In particular, for x > 0 we have
(®g+t"‘1)(x) = F(l;((—j)a) x°*1 R(0)>0, R(a) >0,
(D} ot 00 = —1"(1(3 (; i‘ ;)”)x"—l, R(a) > 0, R(0) > ~R(a +17).

The composition of the right-sided generalized differentiation (1.4) with a power function is given by the
following assertion.

Lemma 2.2 (5, Lemma 4). Let a, B, € C be such that
R(a) >0, R(0)<1, R(0)<1+min[R(-Bf-n), R(a+n)], n=[R@)]+1.

Then, we have
1-0-BT(a+n+1- G)XU+B_1

ll,ﬁ,r[ o-1 _ r
BN = e =t -0+ D)

x > 0.

In particular, for x > 0 we have

F1-0+a) ;.01

(DXt 1) (x) = R(a) > 0, R(0) < 1+ R(a) - n,

T(1-0) ’
D o) = LEZTH A 01 pia) >0, R(0) <1+ R(@+ 1) —
n,a X —m_—wx , a , o + R(a+n)-n.

3 Fractional differentiation of the product of Bessel functions of
the first kind

First, we consider the generalized left-sided fractional differentiation (1.3) of the product of Bessel functions.
It is given by the following result.



DE GRUYTER N. Sebastian and R. Gorenflo, Fractional differentiation of the product of Bessel functions =— 43

Theorem 3.1. Leta,B,n,0,vj € C, aj,pj € Ry, j=1,...,n, besuch that

R(vj))>-1, j=1,...,n, R(a)>0, (3.1)

and .
IR(O' + Zp,-v]) > max[0, -R(B), -R(n) - R(B + n)]. (3.2)

j=1

Then, we have

aix"i \v;
a,B,n ,o-1 : D) _ Jo+p-1 L ( 5 ) "N TW)T'(v)
(DO+ t <E]v;(a]tp )))(X) =X <IIJ F(Vj+1))F(W)F(Z)

F20s 0[[w2p1 ..... 20n],[Vi2p1,...,2pn]:

2:1,00, 1| (221,000,201, [2:2P1 e 0s2n i [V1 #1010, ., [V 1:1]20
alx* azx?n
R e I (3.3)

where

n n n n
u=0+ijvj, v=0+a+ﬁ+)1+2pjvj, W=U+B+Zp]‘v]', Z=0+)’1+ijl/j,
j=1 j=1 j=1 j=1

Proof. First of all, we note that A; in (1.13)isgivenbyA;=1+n>0,i=1,...,n,n=1,..., and therefore
F ;jf::::‘f[ -]is defined in the right-hand side of (3.3).
To prove (3.3), we have

(DSf”t“*<I]quyﬁ0))uj:(Dgfﬂ{ﬂ‘wh(aﬂpw-~waanﬁ"nxn
j=1
01 \V1+2ky . tPn \Vn+2kn
(b o1 9 (EDO(E) & [ (-1)kn (%L
_<D°+ {t Z( vy + k1 + Diy! "'kzzo Tvn + K Dkl )| )

k1=0

and using (1.3) and (1.13) and changing the orders of integration and summation, we have

a n 00 -1 ki ar\vVit2ks 1 Kn ( @n \Vn+2Kkn
(Do;ﬁ’"t"‘l(Hlv,-(a;t”’)>)(X) — Z (-1 ( 5 ) ‘ (-1) ( ! )
k1

) ) LA ¢ oL+ D+ Digka! T+ 1)V + D !

x (:Dg;ﬁ,'l {ta+v1p1+ A VpPn+2p 1K1+ - +2ppkn—1 D).

By(3.1)and (3.2), forany k; =0, ...,,j=1,...,n, we have

R(U + Zp,-vj) > max[0, -R(B), R (1), -R(B+ 1) - R(a + B +1n)].
=1

Finally, by applying Lemma 2.1 and using (2.1) with ¢ replaced by

n n
G+ijvj+22pjkj, j=1,...,n,

j=1 j=1
we obtain
L )Vi+2k 0 \Vn+2kn
Da,ﬁ,nto—l ﬁ] (a'tpf) (x) = Ozo: (_1)k1(117)V1+ 1 (_1)kn(a7)v +
o R w5 o T+ D+ Digkal ™ T+ DV + D !

T(0+ Y111 (vipj + 2pik)T(0 + a+ B+ 1 + X121 (vipj + 2pjk;))
Lo+ B+ X1 (vipj + 2pik))T (0 + 0 + X1 (Vip; + 2pjk;)

o X OHBIHEL P+ 205)

This in accordance with (1.13) and gives the result in (3.3). O
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Corollary 3.2. Leta, 0,vj € C, aj,pj € Ry, j=1,...,n, besuchthat R(v;) > -1, R(a) > 0 and
n
R(o + Zp,-v,-) > 0.
j=1
Then, we have

n a,x/ ; T(o+ Y™, pivi)
(®3+f0_1<HIVj(ajtpi)))(X) = (H o +)1)> 2j=1PjVj
j

i T(o-a+Yi, pjvy)

 FLi00 [0+X1L1 PjVji2p1se-s2pnl: .
L1l [o-a+ X, pjvji2p1,e. 2P [vi+1e1], s [Va+101]: 2
2,2 2.2
a1X P anx Pn
4 g e ey 4

Corollary 3.3. Leta,n,0,vj € C, aj,pj € Ry,j=1,...,nbesuchthat R(vj) > -1, R(a) > 0 and

R(o + Zp,-v,-) > max[0, -R(1)].

j=1

Then, we have

) . | ) n (“i_"p")"i T(o+a+n+Yi,pjv))
,D+ ta 1 i .tP} = x0-1 k
< n.a <]1:!] ](a] )>> x)=x <H F(V] +1) I(o+n+ Z}lzl pl'V]')

 FL0-- o[lo+a+n+Xi, pjvj:2p1,...,2pn]: .
1:1,. [a+r1+z, 1PjVji2P1,.., 20, i (Ve +1:1], .., [V +1:1]:
alx* a’x n
- 4 g e e ey 4

Corollaries 3.2 and 3.3 follow from Theorem 3.1 in the respective cases 8 = —a and 8 = 0 if we take (1.6) and
(1.8) into account.

Corollary 3.4. Let a, 8,0,v1,v; € C, ai,az, p1,p2 € Ry, be such that R(vy) > -1, R(v2) > -1, R(a) >0
and R(0 + p1vy + pavy) > max[0, —-R(B), -R(n), -R(B+n)]. Letalson =2, a1 = A1, a2 = A2, p1 =1, p2 = 1.
Then, (3.3) reduces to

XA T'(a)T(b)

0‘/371 o-1
(O o MO, a0 = 55msr— Sk s o

F40.0 [4:1,1],[%2:1,1],(5:1,10, (252 :1,1): .
ALl 11,1, 1942 00,10, 091,10, 141,10 vy +1:1], o [V + 101
2,2 2.2
_Alx _Azx

, , 3.4
4 4 (3.4)

where
a=0+Vv1+Vvy, b=0c+a+B+n+vi+vy, c=0+B+vi+Vvy, d=0+n+V1+Vy,
and F[ -] is defined in (1.14).

Proof. First we note that the convergence conditionsp + g <+ m+ 1and p + k < [+ n+ 1 from (1.14) take
the form 4 < 6 and therefore F[ -] is absolutely convergent.
Now, we prove (3.4). Taking n = 2, a; = A1, az = A3, p1 = 1, p> = 1in (3.3), we have

XVt BmIA A (g vy +V))T(O+ @+ B+ 1+ V1 +V3)
2vitvaT(vy + DT (v +1) T(e+vi+va+BI(0+n+Vvy+V))

(DEPO1(1 A 0], (Aa ) (x) =

2,2 2,2
FZ :0,0 [ [0+v1+v5:2,2], [0+a+B+n+vi+v,:2,2]: Alx /\zx
2:1,1 [ [o+B+v1+v2:2,2], [0+n+V1+V2:2,2]:[vy +1:1], [vo +1:1]: 3T 4 - 4
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Applying the result

(z)2k=22’<(5) <Z+1)k, z€C, keNo, (3.5)

2/k\ 2
and using equations (1.13) and (3.5), we obtain

XU+/§+V1+V2’1A‘{1/\;2 [(a)T'(b)

aBn o1 _
(DM, (1 O (AN = e b

A2x2 \k A2x% \k
y < (@)2(ky +k2) (D) 2k +k2) (=) (=)
ko0 (©20ki+ko) (2 i) (V1 + D (v + D, k! ky!
X0+v1+v2—ﬁ—1 r(a)r(b)
T 2vitaT(vy + DI(vy + 1) T(c)I(d)
F0,0[ (8114551, 1,1 [(5):1, 1) A A
41,101€:1,1],[92:1,1],[4:1,10, [ 45:1, 1 e [ve+1e1), 0, vt 2:2)” 4 7 4 )
which proves the claim. O

Example 3.5. If n =1, a; = A, p; = 1, v; = v, then (3.3) reduces to

2 2 2

XO‘+V+[371AV T(o+VWI(c+v+a+B+ g4V otv+l u+v+a+ﬂ+q’w AZXZ
O5P1 000 = LA/ A g 2 ]

2 T(O+v+PTO+v+ I+ 1) 2 Lwr, oozt empen ovvsnen 37775
Indeed, by putting the above values in (3.3), we have
2,2
aB.n,o-1 _ a+v+ﬁ—1£ F(U + V)F(O +vV+n+ B) 2:0 | [0+v:2],[0+n+B+v:2]: X _A X
(®0+ ()00 = x 2V T+ D)I(c+v+B)T(c+Vv+1) 2:1 | [o+f+v:2],[n+o+v:2]:[v+1:1]: ° 4

Using (1.13) and (3.5), we obtain

A2x

21k
a,f.n o-1 _ LOo+v+p-1 K Fo+v)I(c+v+n+ ﬁ) (c+v)u(c+v+n+ ﬁ)lk (_ 4 )
(Do ()00 = x 2V T+ Do +v+BT(0+v+n) (+v+Pau(oc+v+B)ax k!

_ xO+v+p-1 To+V)I(c+v+a+B+n) \ 5[%’%,M’w ) _AZXZ
2V T(o+v+PBI(c+v+nI(v+1) ve1, SR ol g ol 2 g

and (3.4) is proved. For more special cases, see [4, Section 4].

Remark 3.6. Equation (3.4) was proved in [4, Theorem 3].

4 Fractional differentiation of the cosine function

Forv = —%, the Bessel function J,(z) in (1.12) coincides with the cosine function apart from the multiplier

1

(7)"

]_%(z) = (if cos(z).

nz

that is,

From Theorem 3.1, we obtain the following result for

1
Vl:...:vnz_E and pr1=-=pp=1.
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Theorem 4.1. Leta,B,n,0€ C,aj € Ry,j=1,...,n, besuchthat
R(a) >0 and R(0)> max[0,-R(B),-R(n), -R(B+1n)]. (4.1)

Let also R(0) > 0 and R(c + a +  + 1) > 0. Then, we have

a - s 2102
(Do’f’"t” 1(Hcos<aff>)>(") S

j=1

2:0,...,0| [0:2,...,2],[0+a+B+n:2,...,2]:

X Fya [046:2,...,2],[041:2,..0,20:[ 311],.., [:1]:

B a’x? _a%xz] 4.2)
4 9 e ey 4 .

Taking B = —a and B = 0 in Theorem 4.1 and using (1.13) and (4.1) from (4.2), we deduce the following
assertions.
Corollary 4.2. Leta,0€ C,a; € Ry, j=1,...,n, besuchthat R(a) > 0 and R(o) > 0. Then, we have

n 2,2 2,2

_ .1 T(0) . . . asx asx

a c0-1 . _,0-a-1__*\Y)  ~1:0,..,0| [0:2,...,2]: 4 _ay

(Dmt (Hcos(a,t)))(x) =X T(o— a)Flzl ,,,,, 1 I:[a—a:Z,...,Z]:[%:l] ..... Lap’" 4 2T 4 ]
j=

Corollary 4.3. Leta,n,0€ C,aj € Ry, j=1,...,n, be such that R(a) > 0 and R(0) > max[0, -R(n)]. Then,
we have

2,2 22]

n T(e+a+1n) . . . asx azx
+ 0-1 ) _ o-1 1:0,...,0 | [o+a+n:2,...,2]: e ! _Yn
<Dﬂ;0‘t (ECOS(aJt)>>(X) =X T(o+ '1) Fl:l ..... 1 |:[0+11:2,...,2]:[%:1] ..... [3:1]: 4 0 4

5 Fractional differentiation of the sine function

Forv = %, the Bessel function J,(z) in (1.12) coincides with the sine function apart from the multiplier

(Z)
nz/)’

1

J1(2) = (i)i sin(z). (5.1)

nz

that is,

The next statement follows from Theorem 3.1 by setting v; = %, pj=1,j=1,...,n,in (3.3) and us-
ing (5.1).

Theorem 5.1. Let a,,n,0€C, aje Ry, j=1,...,n, be such that condition (5.1) be satisfied. Let also
R(0) > max[0, -R(f), —R(n), —R(B + n)]. Then, we have

a —n— . i : - r r
(@O’f”’t" n 1(1_[sm(a;t))>(x) = (]_[ ai)XU+B ' (?()GT/;);(;E;)U)

j=1 j=1

XFZ;O ,,,,, 0([0:2,...,2],[0+a+B+n:2,...,2]: .
2:1,..01 [04B:2,...,2], [a+n:2,...,2]:[ 3:1],..., [ 3:1]:

B aix? _a%x2 (5.2)
4 9oy 4 .

Taking B = —a and B = 0 in Theorem 5.1 and using (1.13) and (5.1), from (5.2) we deduce the following
assertions.
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Corollary 5.2. Leta,0 € C,aj € Ry, j=1,...,n, besuchthat R(a) > 0 and R(0) > 0. Then, we have
n n r(o.)
a o0-n-1 : . _ Nyo-p-1_ Y
<D0+t (Hsm(a,t)))(x)— (Ha,)x To-a)
Jj=1 Jj=1
o FLi0s-0[[0:2,...,2]: ,_a%"z _a%"z
1:1,.., 1 [0—(1:2,...,2],:[%:1] ..... [%:1]: ’ 4 4

Corollary 5.3. Leta,n,0€ C,aj € R,,j=1,...,n, besuchthat R(a) > 0 and R(0) > max[0, —-R(n)]. Then,
we have

(T n L To+a+n)

1 1

(D,*I,at" n (H sm(a,-t)))(x) = (H a,-)x‘7 ECER )
j=1 j=1

2x? azx?

1:1,..., 1 - -

x [n+0:2,...,21:[3:1],...,[3:1]: > 4 > 4

F1;0 ..... 0[[0+a+q:2,...,2]: . a

Remark 5.4. Whenn = 1, a; = A, all results in Section 4 and Section 5 reduce to [4, Section 5 and Section 6].

The types of single-variable hypergeometric series considered here appear in many physical contexts, in-
cluding quantum chemistry, the development of few-body and many-body wave functions, and statistical
physics. In [6], the authors proved the formulas of compositions for such generalized fractional integrals
with the product of Bessel functions of the first kind and observed that the solution is obtained in terms
of the multivariable hypergeometric function. Special cases of products of cosine and sine functions are
also given in the same paper. It is fairly well known that hypergeometric series in one, two, and more vari-
ables occur rather frequently in a wide variety of problems in theoretical physics and applied mathematics
(including, for instance, nuclear and neutrino astrophysics), and also in engineering sciences, statistics, and
operations research.

6 Statistical interpretations

The traditional special functions (the special functions of classical calculus) are known to be related to the
classical fractional calculus and also to the generalized fractional calculus. They have been shown to be repre-
sentable by fractional-order integration or differentiation of some basic elementary functions. The essentials
of fractional calculus according to different approaches which can be useful for our applications in probabil-
ity theory and in stochastic processes are established with the help of the pathway idea of [8]. The pathway
idea was originally developed by Mathai in the 1970s in connection with population models. It was later
rephrased and extended to cover scalar as well as matrix cases and was made suitable for modeling data
from statistical and physical situations. The main idea behind the pathway model is the switching property
of the binomial function to the corresponding exponential function.

By means of the pathway model [8], the pathway fractional integral operator (pathway operator) is de-
fined as

a(l-q)
EEPHeo = | 1
0
for f(x) € L(a, b),n € C, R(n) > 0, a > 0 and q < 1, where g is the pathway parameter and f(t) is an arbitrary
function. For more details, see [9]. It is also observed that when the pathway parameter, g = 0, a = 1 and f(t)
is replaced by

a(l-g)tyas1
- T] () dt (6.1)

t
2F1(a +B, a1l - ;)f(t),
then the pathway operator yields

[(a) Ia,ﬁ,n
X_a_ﬁ o+

j((X - t)a_12F1<01 +B,-n;a;1 - £)f(t) dt =
0
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Thus, we can obtain all the generalizations, like in [7], [10], etc., of left-sided fractional integrals by suitable
substitutions, so that we call it the pathway fractional operator, a path through the pathway parameter g,
leading to the above known fractional operators. When n = 1 and by replacing f(t) by

tP10F1 (-3 B; 60)

in the pathway fractional integral operator, one can deduce the g-analogue of the gamma Bessel density [12]
and hence we are essentially dealing with a distribution function under a gamma Bessel-type model in a prac-
tical statistical problem. Hence, a connection between statistical distribution theory and fractional calculus
is established so that one can make use of the rich results in statistical distribution theory for the further
development of fractional calculus and vice versa.
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